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Introduction

HEN the Reynolds stress transport equation is modeled, it

is often assumed that the transport effects have minor sig-
nificance. A second simplification includes an isotropic model for
the dissipationrate tensor. However, numerical experiments on ho-
mogeneous turbulent shear flows indicate that the anisotropies in
the dissipation rate tensor are sometimes one-half as large as the
Reynolds stress anisotropies and are, therefore, not negligible.! In
the present study, the importance of capturing anisotropic dissipa-
tion effects along with the transport of the Reynolds stresses for a
successfulalgebraicReynolds stress closure will be investigateduti-
lizing the direct numerical simulation (DNS) data by Kim et al.? for
a fully developed channel flow. On the basis of a two-dimensional
explicitnonlinearstress-strainrelation,’ whichrepresentsa solution
to the implicit algebraic Reynolds stress model (ARSM) for near-
wall flows, an improved model is suggested using the observations
made from the aforementioned investigation.

Model Derivation

The incompressible Reynolds stress transport equation can be
written in terms of the Reynolds stress anisotropies a;; and reads*
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where T}, = —U; U iy — PU; 6y — PUt; Oy + vou;u;/ 0x; is the total
transport of Reynolds stresses, P;; = —u;u; 0U;/ dx, — u;u;, 0U;/
ox; the production tensor, ®;; =p(du;/0x; + ou;/0x;) the

pressure-strain (PS) correlation, and €;; =2vou;/dx, ou;/ dx, the
dissipationrate tensor. A;;, B;;, and C;; are introducedto investigate
the effects of the underlying model assumptions.

To close Eq. (1), the dissipation rate tensor can be modeled
in an isotropic way as €; =2§,€/3. In the context of explicit
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ARSMs the model for the PS is restricted to linear expansions, for
example,

®,;; = CokS;; — Ci€a;; + (1 — Cy)k(a; Sy + aj Sy
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where & is the turbulent kinetic energy and € the scalar dissipa-
tion. The terms S;; and €2;; are the mean strain and rotation rate,
respectively. To account for wall effects on the PS correlation, one
approach is to adjust the PS coefficients.> The wall-modified PS
coefficients can then be givenas C; =C;, + C;,, f,, (i =0, 1, 3, 4)
with f,, = explk*/(60€*)]. The constants C;, describe the wall-
independent PS effects, and their calibration in the original model®
is carried out for wall-independent homogeneous shear flows and
for the equilibriumregion of fully developed channel flows. The re-
sulting valuesare Cy, =0.8,Cy, =1.47,C3, =0.19,and C4, =0.41.

Using the models for the dissipation rate tensor and the PS and
neglecting the total transport effects A;; as well as the convective
term* yields the implicit ARSM:

—(u;/ k)(P — €) + P; + ®;; — 2€5, =0 3)
This equation allows an explicit solution® which can be used as a
two-dimensional stress-strain relation applicable in two-equation
models:
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The wall-dependentPS constants C;,, are calibrated against the wall
region of a channel flow and a turbulent boundary layer by optimiz-
ing the resulting mean velocity and the Reynolds shear stress for the
final model. The values read Cy,, =0.21, C,,, =0.47, C;,, =0.71,
and Cy, =0.27. The resulting model leads to fair predictions for
the Reynolds stress anisotropies. However, it is hypothesized that a
term-by-term representation of the Reynolds stress budget, also in-
cludinga model for the dissipationanisotropies,can furtherimprove
the results.

In Eq. (1) B;; corresponds to the terms accounted for in the
ARSM. The term C;; stands for the dissipation anisotropies. To
analyze the Reynolds stress anisotropy budgets, DNS data? for a
two-dimensional fully developed channel flow at Re, =395 are in-
vestigated. Here, the convective term Da;; /Dt is identically zero.
Figure la shows the anisotropy budget of the normal component
in the streamwise direction a,,. It is clear that the ARSM term B,
and the dissipation anisotropies C;; dominate the budget compared
to the transporteffects A;;. In the other normal directions, a similar
trend is apparent, and, therefore, the plots are omitted. The shear
budget is shown in Fig. 1b. Here, the transport term A;, plays an
important role together with the ARSM term Bj,. The role of the
dissipation anisotropy C;, appears to be of minor importance ex-
cept very close to the wall. Because an explicitstress-strain relation
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Fig.1d ®@;;, symbols, DNS data,? lines, and model predictions.

based on the solution to the implicit ARSM is desired, the expres-
sion for €; has to be linearin the Reynolds stresses. The model used
in the present study is based the following proposal by Hanjali¢ and
Jakirli¢”:

€; =€[(1 - £)38; + @/ k) f] ©)

This formulation assumes a proportionality between the large-scale
anisotropies of the Reynolds stresses and the small-scale dissipa-
tion anisotropies in the vicinity of the wall. Farther away from
the wall, €; reaches the isotropic limit. In contrast to the orig-

inal suggestion, f€ is chosen to be a function of the turbulent

timescale 7 as f = exp(—7*/300). This function is optimized
against the channel flow DNS data at Re, =395. Figure 1c shows
the performance of the anisotropic dissipation model. Whereas the
normal components of €;; are represented with high accuracy, the
shear component fails to capture the characteristicsin the near-wall
region.

Because a term-by-termmodeling strategy of the Reynolds stress
transportequationis desired, the wall-dependentPS constants C;,,,
appearing in the PS model, are now calibrated directly against the
PS data from the DNS. The resulting new set of coefficients reads
Coy.. =—1.86, Cy,, , =147, G5,,, =097, and C,,, , =1.27. The
model predictions compared the DNS pressure strain are shown
in Fig. 1d. The modeled PS in the streamwise direction @, to-
gether with the PS model in the wall-normal direction ®,,, show
fair agreement with the DNS data. The shear component, however,
lacks accuracy in the buffer layer of the channel flow.

From the preceding investigationit can be seen that the models
adopted for the PS and the dissipation rate tensor yield inaccurate
results in the shear direction. Moreover, it can be concluded that the
difference between the two transportterms for the shear component
isnot negligible. Recently, Ni® proposed a model accounting for the
transportterms and allowing the applicationin two-equationmodels.
However, the latter model is computationallycumbersometo handle
because it requires third derivatives of the mean velocity. On the
other hand, without a representation of Ai,, the Reynolds stress
budget in the shear direction cannot be balanced. This dilemma
leads to a proposition of a composite model consisting of different
sets of wall-dependent PS coefficients for the shear and normal
components of the Reynolds stresses. The stress-strain model with
the original PS? coefficients predicts #v very well for the considered
test case because the calibration procedure causes the PS model to
accountalso for the dissipation anisotropies and the transportterms
inthe sheardirection. Thus, the original proposalin Eq. (4) is usedin
the shear direction. For the normal components, the transport term
is negligible, and the dissipation anisotropies can be well captured
with the new model for €;;. Therefore,a term-by-termrepresentation
of the normal Reynolds stress transportequationis appropriate,and
the newly calibrated wall-dependent PS coefficients C;,, , are used
together with the calibrated model for the dissipation anisotropies.
Solving this extended ARSM for the normal directions yields the
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Fig. 2b Reynolds normal stresses, symbols, DNS data lines, and
model predictions.
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following explicit stress-strain expressions for a,, (no summation
over y):
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The corresponding k-€ model is based on the formulation by
Hanjali¢ and Launder, but includes a second source term for €
and the use a modified timescale. Details are given in Ref. 3.

Results

In Figs. 2a and 2b, the Reynolds stress results for the newly pro-
posed composite model (CO) are compared to results of the original
model with an isotropicdissipation (ID) and DNS data for a channel
flow.2 Because the CO and the ID models both use the same expres-
sion to calculateuv, the profiles are identical. The predictionsare in
good agreement with the DNS data. For the normal components of
u;u; the CO model leads to improved predictions compared to the
ID model as can be seen in the examples for uu and vv. Predictions
of the CO model for a channel flow case at Re, =180 show similar
features as for the high-Reynolds-numbercase and are, therefore,
not elaborated on in this Note.

Conclusions

It is shown that a more accurate prediction of the normal stresses
in the near-wall region requires an anisotropic dissipation model.
Because of the lack of a model for the transportterms, which allows
the explicit solution of the ARSM, these effects are often discarded.
In this Note, however, it is shown that the latter assumption is not
permissible in the shear direction. Hence, a new composite model
formulation is presented remedying some of the previous incon-
sistencies. As a result, the new composite model shows improve-
ments in modeling the normal stresses for a channel flow compared
to the basic model and, therefore, promotes further studies in this
direction.
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Introduction

HE circulation of tip vortices has traditionally been calculated

by taking the line integral of the velocity around a closed path
surrounding the vortex, which requires detailed knowledge of the
velocity field. Measurements of the velocity field can be made by
either single-point anemometry or whole-field particle image ve-
locimetry (PIV) techniques. Alternatively, if vortex circulation is
the primary parameter of interest, the direct measurement of cir-
culation can be achieved via acoustic means, thus eliminating the
need for detailed velocity measurements. An acoustic method that
allows for a simple, nonintrusive method of circulation measure-
ment has been developed in our laboratory utilizing narrow ultra-
sound beams.! This method significantly decreases the time it takes
to find the circulationin a specified region of the flow. The method
has been used to measure the circulationof delta wing vortices” and
the bound circulation of an airfoil.! This method was utilized in the
current study to examine the circulation of a tip vortex.

Tip vortices have been studied extensively in the past. Most of
the studies have examined the behavior of vortices using classical
anemometry techniques.~® More recently, PIV has been employed
to obtain detailed velocity field measurements of the tip vortex in
the near field’ and the far field.® Various vortex characteristicssuch
as circulation have been extracted from these velocity fields. The
vortex circulation measured by our ultrasound method is compared
against previous data to assess the applicability of the ultrasound
technique.

Ultrasound Method

The ultrasound technique is based on the time of flight of sound
pulses traversing a given path. Sound travels through fluids with a
velocity thatis the sum of the local sound speed and the local flow ve-
locity. If the local flow velocity augments (retards) the sound speed,
the time of flight would be decreased (increased). In our setup,
a sound pulse was transmitted around a closed rectangular path in
onedirection,and its transittime was accurately measured. The pro-
cess was then repeated by emitting a pulse in the opposite direction
around the closed path. In the presence of a vortex, a time differ-
ence At would be generated from transversing the path in opposite
directions. As derived by Johari and Durgin,! the net circulation T
is linearly proportional to the time difference, that is, I' = %azAt,
as long as the sound speed a is constant along the path during the
transit time and the velocity component along the acoustic path is
small, for example, less than 0.1a. Further details of the method, its
advantages, and limitations are discussed by Johari and Durgin.!

Experimental Setup

The experiments were conducted in the Worcester Polytechnic
Institute low-speed wind tunnel that has test section dimensions of
45.7 cm high X61.0 cm wide X91.4 cm long. To create a tip vor-
tex, a half-wing was mounted vertically from the tunnel ceiling. The
wing was a blunt-ended, rectangular planform NACA 0012 with a
chord ¢ of 10.5 cm and a semispan s of 22.3 cm resulting in a
(half-wing) aspect ratio of 2.1. The angle of attack was measured
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